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"EXACT" TW-SIDED CONIDEMCE lITZOVALS ON
MONNEGATIVE LINEAR COMBINATIONS

OF VARIANCES

by

Franklin A. Graybill
Colorado State University

and

Chih-Ming Wang
SPSS Inc.

1. Introduction

In a paper to soon be published in the Journal of the American

Statistical Association a method is presented for determining approxi-

mate confidence intervals on nonnegative linear combinations of

variances. In section 2 is a summary of that paper. In this paper we pre-

sent a method for obtaining "exact" confidence intervals for the problem.

2. Derivation of the Confidence Interval

Let n S2/0 for i - 1, 2, ..., K be independently distributed

as chi-square random variables with n1 degrees of freedom respectively.

There are no exact (the word "exact" means exact specified confi-

dence coefficient) confidence intervals available for nonnegative linear

combinations of the O. S m i t h (1 9 3 6) defined an estimate of a

linear function of variances to be a linear function of irdependent mean

squares and proposed approximating the distribution of such an estimate

by a chi-square distribution whose deb.ees of freedom are determined by

equating the variance of the estimmte to the variance of the approximating

(chi-square) random variable. From this distribut.ion on* can obtain

approximate confidence intervals on linear functions of variances. Sattorth-

waits (1941, 1946) studied thls approximation and it has become known as the
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Satterthwaite procedure. Welch (1956")exhibited a series approximation,

analogous to the Cornish-Fisher expansion, for the general problem of

finding confidence limits for linear combinations of several variances.

Duitson (1955) also save a method for setting confidence intervals on

linear combinations of variances. He arrives at some of the methods

presented by Welch, although the details of their derivations differ

considerably. Huitson includes a special set of tables which must be

used to obtain the coafidence intervals. Fleiss (1971) discusses the

Satterthvaite and Welch methods for setting confidence limits on 02 + 02A a

for the two factor cross component-of-variance model and arrives at the

conclusion that Welch's method is adequate (and better than Satterthwaite's

method). Pleiss only evaluates the cases where n2 - 2n1  However, when n2

Ia larse relative to a,, Welch's procedure may not be very good. This is

demonstrated in Table 1. This table was obtained by numerical integration

end the entries are the ranges over which the confidence coefficients vary

s the unknown parameter p c6 1 (8 ,.+ 0 2) varies from 0 to 1. The nominal

confidence coefficient is 1 - a - .95. In component-of-variance models in

applied problems it is often the case that n2 is much larger than n1 so the

.conclusions given by Fleiss may not apply in those cases.

&wdick and Sielken (1978) propose a method that can be used for exact

confidence intervals for this problem, but the expected lengths of their

Intervals are extremely bad. They are sometimes more than 800% larger than

the expected widths given by Satterthwaite, so their method cannot be re-

commendcd for the problem discussed in this paper.

The purpose of this section is to describe and discuss the method, called

the Modified Large Sample (MLS) method, for obtaining confidence intervals
r

on 6 u I ce01 with nonnegativa constants ci. Thq procedure proposed here
1-1

In compared to those of Satterthwaite and Welch.

-2-
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To illustrate the method we first discuss it for a linear

combination of two variances, i.e. for 0 a cO1 + 02 * The UNVU

estimator 8 of 0 is cS2 + n, nd var[e] - c (202n) + 292/n

Thus Z - (8-0)/ Vvar(0J has a limiting normal distribution with

mean zero and variance one as ain(nl,n2) m. Using these results

an approximate 1 - a confidence interval on 0 is given by

,S2 + S2 - NI;2(2e-/',) + +221, < a s2 + S2 + 3.V2 202/ 3 ) + 22

1. 2 a '1 1 2 2 - 1  2 1 2 2

where N Is the upper a probability point of a standard normal p.d.f.

To utilize these limits, we replace 02 and 92 by S4 and S2 re-
1 2by1a 2re

spectively. We then modify the confidence limits so they might be

-sore exact for small or moderate sample sizes by replacing the con-

stants -No, N , 2/n,. 2/n2 by general constants and obtain the follow-

In for the approximate 1 - a confidence interval on 0

2+ S2 -VL2C2S + L2S4 < 8 C cS2 +S2 + VH2c2S4 + R (2.1)
1 2 3. 1 2 2 - 1 2 1 1 2

ge no deterame L1, L2, N 1,. H2 by forcing the con-idence interval

to have an exact confidence coefficient I - a when 01 a 0 and when

0 - 0. When 8£ - 0 it follows that S2 - 0 with probability one so
.:2 1

we obtain L-. 1- 1/%a: 1/F 1 for I- 1,

2 where F.. n is the upper y probability point of Snedecor's F

distribution with a degrees of freedom in the numerator and n de-

grees of freedom in the denominator. Also a L> 0, a1 2 1 0,

a a + 6&.2 - 1. The resulting confidence interval on cO 1 + a2' called

the Nodf Led Lace Sample (HLS) confidence interval, is in 2.
Aoce-3Ion For
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The a 1 can be chosen so that when 6i a 0 for either I - or i 2

the resulting confidence interval satisfies one of the following three

conditions. (1) "Equal tails" confidence intervals (we denote this

ethod byL $5 and in this case a - a/2 and a 1 - a/2 for I - 1.

2); (2) "Shortest unbiased" confidence intervals (we denote this method

by HL$2 and for values af Li, Hi see John (1973)); (3) "Shortest" con-

fidence intervals (we denote this method by MLS3 and for values Lit

, see Tate and Klett (1959)).

Note that the confidence interval in (2.1) is also exact when

a, n and n2 is fixed, or when n2 . and n1 is fixed.

To generalize the 'US procedure to nonnegative linear combinations

of K variances, we proceed 'as follows:

a) Vi a nS 2/0 are independent chi-square random variables with
1± I

a4 degrees of freedom for i - 1, 2, ..., K.
K

b) define 0 by r I0 i1 where iO >0, c Ka 1;
i-1

a) an'approximate 1 - a confidence interval on 6 is

SS2 2 < < S2(2.2)

whereL - 1/% ;a 1/ - I where > 0,whr I 1 /aI nt'n1 ; Ei l/a 1 1 : n1 , 1 a±1

a V O, al + a 2 1 for i - 1. 2, ... ,K. The a1  can be chosen

for equal tails, for shortest, or for shortest unbiased

confidence intervals when K - 1 of the 0 are zero. The confidence

Interval in (2.2) is exact when (1) any K - 1 of the a are zero;

(2) when any K- 1 of the n -. When any M of the 1 - 0 for

N 4 K the resulting confidence interval reduces to th. MLS confidence

interval for a nonnegative linear combination of the remaining K - M

variances 8,; also when any M of the n, .- for N 4 K the resulting

V--
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confidence interval reduces to the MLS confidence interval for a non-

negative linear combination of the remaining K - M variances 41.

It is seen that the probability coverages associated with the

Satterthwaite, Welch, and MLS approximate confidence intervals for

cO1 + 02 depend on c and the population parameters , 1 2 only through

the unknown parameter p defined by p - c01 /(c8 1  + 62). Clearly

0 < P < 1. Simpson's rule with interval size h - 0.01 was used to

evaluate the integral (the probability) given in Pleiss (1971) for the

different functions z(v) given by the Satterthwaite, Welch, and MLS

methods. The IMSL subroutine 1DCH was used to compute the chi-

square distribution. The values of p used were p - 0.0 (0.1) 1.0;

all combinations of the following values of n and n2 were examined

for 1 - a equal to .90 and .95.

*1 : 4, 5, 6, 7, 8, 9, 10, 15, 20, 30

n2: 4, 5, 6, 7, 8, 9, 10, 15, 20, 30

The results are given in Tables 2 and 3. The entries are the ranges that

the confidence coefficients vary as the unknown parameter p varies in the

set 0.0 C .1) 1.0. The column headed MLSl is for "equal tails" confidence

Intervals; the colus headed MLS2 is for "shortest unbiased" confidence

intervals; the column headed MLS3 is for "shortest" confidence intervals.

To evaluate the expected lengths a simulation study was conducted.

One thousand chi-square random numbers were generated using the IMSL

subroutine GGCSS (chi-square random deviate generator) for each pair of

values on n1 and n2 listed below

nI  4, 4, 4, 8, 8, 16, 16

t n2  4, 8, 30, 8, 30, 32, 60

4



From these random numbers the three ratios, r1 , r2 and r3 were

evaluated for 1 - a - .90 and 1 - a - .95 where

Average length of MLSi confidence interval r

Average length of Welch confidence interval i

The results are recorded in Tables 4 and 5 broken down for p - 0.0(.1)1.O.

The ratios depend on c, 81 and 62 only through the parameter 0.

Some conclusions from the formulas are as follows:

(1) The results are for all values of c>O.

(2) Only the MLS methods give correct asymptotic results for

large ni and small nj for i 0 J.

(3) When p - 0 only the Satterthwaite and MLS methods are exact.

(4) When p - 1 only the Satterthwaite and MLS methods are exact.

(5) The MLS methods are easy to compute even for nonnegative linear

combinations of K variances.

Some conclusions from the tables are as follows:

(1) The confidence coefficients for the Welch method are closer

to the nominal values, than the Satterthwaite method but the

Welch method is more difficult to compute.

(2) The confidence coefficients for the Welch and Satterthwaite

methods can fall several points below the nominal level.

This is undesirable.

(3) The confidence coefficients for the MLS methods appear to be

greater than or equal to the nominal values. This is a de-

sirable characteristic if the average width is satisfactory.

(4) The MLS2 and MLS3 methods give confidence Intervals whose

average widths are generally smaller (and sometimes signifi-

cantly smaller) than the average widths of the Welch method.

-6-2



3. An Iteration Method

Trickett and Welch [1954) derive a method of calculating critical

values for the problem of setting confidence intervals on the difference

of two mean values of normal populations with unknown and unequal

variances. A similar procedure can be used to find confidence inter-

vals on cO1 + 6 . Suppose there exist functions z1 (r), z2 (r) where r -

cS2/(cS 2 + S2 ) such that an exact solution exists for equation (3.1).

1 - a P[z(r) (c82 + S2)/(ce1 + 82) < z2 (r)]  (3.1)

_ p[(cS2 + S2)/(c6 + 82) < z2(r)3 -

P[cS2 + s2)/(ce + 2  z (r)]

Suppose that a first approximation to z2 is given by, say z0  (known);

we write

z2 (r) - z0 (r) + z(r)

Then, by using a Taylor expansion and ignoring the powers of z(r)

higher than the first, Equation (3.1) becomes

a f f H + nz (r)I(p(l-w)/n1 + (l-p)w/n2 p(w)dw (3.2)
o 1 120

+ fl [z(r)/(p(l-v)/nl + (1-p)wln2]H' + (r)
0 1 2

/p(l-w)In1 + (1-Q)w/n2 ))p(w)dw

f 1 H + z()(plv/
o n1 + n z (r)/((l-w)/n I + (l-P)w/n 2 )]p(w)dw

If one can obtain z(r) to satisfy Equation (3.2) then an improved

approximation z0(r) 4 z(r) to the solution might be expected. In

order to bolve for z(r), a simplification to the second integral in

Equation (3.2) is made as follows.

-7-



The distribution p(w) hs mean value at w = n2/(n1 + n2). It

follows that for large nI and n2 the distribution will be closely

concentrated about n 2/(n1 + n 2) and therefore an integral of the

form fl g(w)p(w)dw will be approximately equal to g(n2 /(n1 + n2) ) .0
Now when w - n2 /(n1 + n2) then r - cS2/(cS2 + S2) - p, and

the above simplification applied to the second integral of Equation

(3.2) gives (n + n2)z(p)H' (On + n2) z0()). If I and 2
1 2 n1+ n 2  1 2) z0(o) 1f I 2n

denote the first and third integrals respectively in Equation (3.2)

then

1 - a (I1 - 12) + (nI + n2)z(p)H' + n2((nl + n2)z0 (p))

1 i 2

i.e.

s(p)u'([i- - ( 1 - 12 ))/[(nI + n2) + 2((n1 4+ n2)zO(p))) (3.3)

where the quantity H' + n2((nl + n2)z0(p)) is the ordinate of the

chi-square distribution with nI + n2  degrees of freedom evaluated

at (n. + n2)Zo(p). By taking a sufficient number of values of p,

sw p - 0 (0.1) 1.0, the table of z(p) can be constructed. Since

s(r) is the same function of r as z(p) is of p this is

equivalent to tabulating z(r) for r - 0 (0.1) 1.0.

The function z(r) thus obtained will not exactly satisfy

Nquation (3.2) because of the crude approximation made to the second

Integral, but may bring us appreciably closer to a solution of

Equation (3.1). With this fresh approximation one can start a

fwther cycle of the process and cortinue.

:By letting z0 (r) 1 /1i - Cr2 (1 - 1/F 2: i, -)2 + (i - r)2 -

.- 1/F 2 : n )2]) and z1(r) 1 /1(l + [r2(/F 41 2 : - 1)2 +

(1 - r)2(1/Fl..1a 2 : n - 1)23)}, i,.e. the confidcuce limits of the

-8-
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mLsl method, one can evaluate 11 and 12 for fixed p and perform

the iteration. For some selected n1  and n2 and for 1 - a. 0.90

and 0.95 tables of z(r) were obtained by using Simpson's rule to

evaluate the integrals I1  and 129 and Lagrange interpolation

formula to calculate z(r) for sample values of r. The iteration

terminates when the actual confidence coefficients are accurate to

five decimal places for all p, i.e. for 1 - a = 0.90 the resulting

confidence coefficients are vithin the range of 0.39995 and o.9=004

for all p and for each n1  and n2 . Tables 6 and 7 contain

the values of z(r) for 1- a = 0.90 and 0.95 respectively. Thus,

vith the aid of the tables of z(r), one can conclude that the confi-

dence interval

i/{i + [r2 (l/F 1 .a/2 : n - 1)2 + (1 - r)2(l/F 1 -a/2: n 1 - 1)19 )

(cS2 + S2)/(e 1 + 82 )< 1/{l - (r2 Cl-llFl 2  n.1, ")2 (34)

(1 - r)2 (l - l/F0. 2: n 2 )214) + z(r)

bas the desirable property that its probability of coverage is

essentially equal to 1 - g. From this one can obtain an "exact"

confidence interval on cO1 + 62 where c > 0.

Table 1

Ranses of Confidence Coefficients for Welch Method

1 - a " .95

Confidence
__ _ __ Coefficients

4 100 .9054 -- .9558

8 100 .9369 - .9523

-9-
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Table 2

Ranges of Confidence Coefficients (Times 10 4)

for Satterthwaite, Welch and MLS Procedures

1 0.90

n" n2 S w MLS1 MS2 MLS3

4 4 8855-9244 &892-9071 9000-9208 9000-9288 9000-9463
5 8786-9226 8888-9069 9000-9207 9000-9269 9000-9439
6 8739-9210 8LO59-9069 9000-9205 9000-9254 9000-9420
7 8707-9202 9843-9068 9000-9202 9000-9248 9000-9404
8 8684-9194 8838-9065 9000-9200 9000-9243 9000-9390
9 8667-9186 8841-9063 9000-9198 9000-9238 9000-9379

10 8654-9179 8821-9086 9000-9195 9000-9233 9000-9370
15 8542-9157 8769-9157 9000-9186 9000-9215 9000-9337
20 8479-9146 8738-9203 9000-9194 9000-9201 9000-9309
30 8403-9128 8691-9186 9000-9188 9000-9190 9000-9291

5 5 8860-9212 8928-9071 9000-9174 9000-9246 9000-9412
6 8821-9198 8907-9067 9000-9174 9000-9233 9000-9390
7 8793-9185 8892-9064 9000-9174 9000-9233 9000-9374
8 8773-9178 8886-9064 9000-9174 9000-9214 9000-9361
9 8758-9172 8887-9062 9000-9174 9000-9206 9000-9349
0 8746-9167 8889-9059 9000-9173 9000-9203 9000-9339

15 8667-9141 8844-9106 9000-9167 9000-9191 9000-9303
20 8610-9134 8830-9128 9000-9160 9000-9181 9000-9285
30 8554-9117 8789-9154 9000-9160 9000-9165 9000-9263

6 6 8873-9187 8936-9066 9000-9152 9000-9213 9000-9369
7 8848-9177 8921-9062 9000-9148 9000-9205 9000-9352
8 8830-9167 8913-9057 9000-9148 9000-9197 9000-9337
9 8831-9170 8911-9059 9000-9149 9000-9190 9000-9326

10 8805-9155 8915-9056 9000-9149 9000-9186 9000-9316
15 8749-9134 8887-9069 9000-9149 9000-9169 9000-9281
20 8696-9121 8885-9086 9000-9146 9000-9162 9000-9260
30 8644-9110 8847-9095 9000-9136 9000-9150 9000-9239

-10-
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Table 2 (Continued)

1 -0 0.90

'1 '2 S w M.81 H1LS2 ML.S3

7 7 8885-9168 8941-9060 9000-9137 9000-9188 9000-9334
8 8869-9160 8933-9056 9000-9134 9000-9182 9000-9320
9 8856-9151 8929-9052 9000-9131 9000-9176 9000-9307

10 8846-9144 8930-9050 9000-9131 9000-9171 9000-9296
15 8807-9127 8915-9046 9000-9131 9000-9152 9000-9263
20 8757-9111 8910-9059 9000-9131 9000-9146 9000-9242
30 8707-9102 8S85-9067 9000-9126 9000-9137 9000-9218

8 8 8897-9153 8947-9054 9000-9124 9000-9167 9000-9305
9 8885-9146 8942-9051 9000-9122 9000-9163 9,000-9293

10 8875-9139 8941-9047 9000-9120 9000-9159 9000-9282
15 8847-9121 8935-9041 9000-9119 9000-9143 9000-9247
20 8802-9107 8927-9042 9000-9118 9000-9132 9000-9228
30 8754-9096 8911-9048 9000-9117 9000-9126 9000-9178

9 9 8906-9140 8953-9049 9000-9113 9000-9152 9000-9281
10 8897-9134 8950-9046 9000-9111 9000-9148 9000-9270
15 8871-9114 8949-9038 9000-9106 9000-9134 9000-9234
20 8837-9103 8940-9032 9000-9106 9000-9123 9000-9215
30 8791-9039 8930-9036 9000-9105 9000-9116 9000-9192

10 10 8915-9129 8958-9044 9000-9104 9000-9140 9000-9260
15 8889-9108 8960-9035 9000-9098 9000-9126 9000-9223
2D 8864-9099 8950-9031 9000-9098 9000-9117 9000-9204
30 8820-9083 8944-9028 9000-9084 9000-9107 9000-9182

15 15 8942-9094 8977-9028 9000-9072 9000-9100 9000-9189
20 8931-9081 8979-9021 9000-9072 9000-9090 9000-9168
30 8905-9069 8975-9019 9000-9067 9000-9083 9000-9145

20 20 8956-9074 8986-9019 9000-9055 9000-9078 9000-9148
30 8946-9060 8984-9014 9000-9054 9000-9068 9000-9124

30 30 8971-9050 8994-9011 9000-9038 9000-9054 9000-9103

-11-
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Table 3

Ranges of Confidence Coefficients (Times 10 )
for Satterthwaite, Welch and MLS Procedures

1 - s - 0.95

"1 n2  S w MLLS1 MLS2 MLS3

4 4 9393-9651 9!79-9507 9491-9614 9500-9685 9500-9800
5 9326-9641 9382-9515 9492-9009 9500-9674 9500-9790
6 9275-9633 9356-9522 9495-9612 9500-9666 9500-9781
7 9238-9626 9336-9525 9497-9615 9500-9658 9500-9772
8 9212-9622 9323-9526 9498-9617 9500-9652 9500-9764
9 9192-9620 9318-9526 9497-9617 9500-9646 9500-9758

10 9176-9616 9318-9528 9497-9617 9500-9641 9500-9754
15 9081-9602 9316-9533 9497-9617 9500-9638 9500-9735
20 9008-9597 9247-9530 9498-9618 9500-9636 9500-9720
30 8933-9583 9191-9541 9500-9619 9500-9631 9500-9699

5 5 9388-9632 9419-9524 9492-9602 9500-9656 9500-9770
6 9348-9625 9408-9527 9494-9599 9500-9650 9500-9763
7 9319-9618 9392-9528 9495-9596 9500-9645 9500-9755

8 9297-9613 9382-9530 9497-9594 9500-9640 9500-9748
9 9280-9610 9378-9530 9499-9591 9500-9636 9500-9742

10 9267-9607 9377-9530 9499-9591 9500-9632 9500-9736
15 9201-9593 9339-9583 9498-9592 9500-9615 9500-9713
20 9136-9588 9329-9617 9498-9597 9500-9613 9500-9701
30 9073-9579 9283-9640 9500-9597 9500-9587 9500-9683

6 6 9394-9618 9439-9530 9494-9590 9500-9632 9500-9749
7 9369-9612 9424-9530 9495-9589 9500-9629 9500-9740
8 9350-9607 9415-9529 9496-9587 9500-9626 9500-9733
9 9135-9602 9410-9530 9497-9586 9500-9624 9500-9727

10 9323-9600 9409-9530 9499-9584 9500-9621 9500-9721
15 9279-9588 9386-9565 9499-9581 9500-9608 9500-9700
20 9221-9579 9375-9587 9499-9587 9500-9598 9500-9685
30 9163-9574 9342-9609 9499-9592 9500-9583 9500-9668

-i2-
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Table 3 (Continued)

1 - a - 0.95
4''

Un, S Wil W.S2 U.S3

7 7 9402-96o7 9445-9531 9495-9580 9500-9614 9500-9730
8 9386-96(i2 9436-9530 9496-9579 9500-9613 9500-9722
9 9372-9597 9431-9528 9497-9579 9500-9611 9500-9715

10 9362-9593 9429-9528 9498-9578 9500-9609 9500-9709
15 9331-95113 9416-9526 9500-9573 9500-9601 9500-9688
20 9279-9574 9404-9524 9499-9571 9500-9593 9500-9674
30 9225-95(,9 93S2-9523 9498-9575 9500-9581 9500-9659

8 8 9411-9517 9451-9530 9496-9571 9500-9602 9500-9714
9 9399-95,)3 9445-9529 9496-9571 9500-9599 9500-9707
10 9389-9S,)o 9443-9527 9497-9571 9500-9598 9500-9701
15 9361-9578 9436-9525 9500-9569 9500-9593 9500-9679
20 9322-9571 9424-9521 9500-9565 9500-9587 9500-9665
30 9272-95,4 9409-9521 9499-9566 9500-9575 9500-9650

9 9 9419-95,)o 9456-9528 9497-9563 9500-9593 9500-9699
10 9410-956 9453-9527 9497-9563 9500-9589 9500-9693
15 9383-9574 9451-9524 9500-9564 9500-9585 9500-9671
20 9370-95t,8 9439-9520 9500-9559 9500-9582 9500-9658
30 9307-9559 9429-9520 9499-9556 9500-9573 9500-9642

10 10 9426-9583 9461-9526 9497-9557 9500-9586 9500-9687
15 9400-9570 9462-9522 9500-9559 9500-9578 9500-9665
20 9380-95t,5 9450-9520 9500-9558 9500-9576 9500-9651
30 9335-95-,5 9444-9517 9500-9554 9500-9570 9500-9636

15 15 9449-95s t 9478-9518 9500-9537 9500-9561 9500-9642
20 9438-9514 9479-9514 9500-9537 9500-9555 9500-9628
30 9415-9547 9474-9513 9500-9537 9500-9552 9500-9612

20 20 9462-9549 9487-9513 9500-9527 9500-9547 9500-9614
30 9452-9540 9484-9510 9500-9529 9500-9541 9500-9598

30 30 9475-9534 9494-9508 9500-9519 9500-9532 9500-9582
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